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Q-Conjugacy character tables are proposed for finite groups and applied to combinatorial enumeration. Thus, the
maturity of an irreducible representation is related to the maturity of a finite group by means of the relationship between
the inherent automorphism of the group and its inner portion. As a result, a character table is transformed into a more
concise form called a Q-conjugacy character table. Matured characters are defined as dominant-class functions on the
basis of such a Q-conjugacy character table. Thereby, a matured character is represented by a linear combination of Q-
conjugacy characters. By starting from Q-conjugacy character tables, characteristic monomial tables for finite groups are
obtained. They are applied to combinatorial enumeration of isomers.

One type of group-theoretical approaches to chemistry has
been concerned with such diverse chemical fields as theoret-
ical, organic, inorganic, and other chemistries,"® where lin-
ear representations and irreducible representations are keys
for analyzing various chemical phenomena. Thus, char-
acters and irreducible characters (collected in character ta-
bles) are used as versatile tools. Another type of group-
theoretical approaches to chemistry has aimed at chemical
combinatorics’*” where permutation representations and
coset representations play an important role in solving com-
binatorial problems. The counterparts of the characters and
irreducible characters are marks (fixed-point vectors) and
marks of coset representations (collected in mark tables).

In previous reports,*? we have shown that, although the
two types of approaches have their own territories, there are
some common fields which permit both types of approaches.
Such overlapped areas concerning linear and permutation
representations have been characterized in terms of the fol-
lowing concepts:

Linear representation Permutation representation

matured representation (non-)dominant representation

Q-conjugacy representation dominant representation
markaracter markaracter
Q-conjugacy character dominant markaracter

Q-conjugacy character table (dominant) markaracter table

dominant USCI
dominant USCI table

characteristic monomial
characteristic monomial table

As shown in this table, a common basis for the present
approach is the concept of markaracter (mark-character). A
markaracter has been originally defined for a permutation

representation as a dominant-class function based on dom-
inant classes.??? Note that the usual character for a linear
representation is a class function, which stems from conju-
gacy classes. Such a markaracter has been shown to be rep-
resented by a linear combination of dominant markaracters,
while a usual character is represented by a linear combination
of irreducible characters.

For cyclic groups, the concept of markaracter has been
extended to treat linear representations by redefining domi-
nant classes as Q-conjugacy classes.?® Thus, after the defini-
tion of Q-conjugacy characters as dominant-class functions
for cyclic groups, a markaracter has been shown to be rep-
resented alternatively by a linear combination of such Q-
conjugacy characters.

By formulating the maturity of finite groups, the concept
of markaracter has been extended to treat matured groups
of finite order.”® Although the treatment has been applied
to unmatured groups, it has been insufficient because we
have taken account only of (non-)dominant representations
as matured representations. In particular, Q-conjugacy char-
acters have not been defined for characterizing finite groups
in general.

In order to have a comprehensive perspective, we shall
treat unmatured groups as general cases, where matured
representations other than (non-)dominant representations
should be investigated as a first target. This target inevitably
requires well-defined concept of Q-conjugacy characters for
finite groups, which will be discussed in terms of inherent
automorphism. The second target is the extension of char-
acteristic monomials so as to be applicable to combinatorial
enumeration based on matured and unmatured groups of fi-
nite order.
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1 Theoretical Foundations. Inherent Automorphism
and Related Concepts

1.1 Problem Setting. = We have already indicated that
character tables can be converted into Q-conjugacy charac-
ter tables for cyclic groups.”® However, we are unware of
whether such conversion is available or not for finite groups.
Hence, one of the purposes of the present paper is to clarify
the availability of conversion for any finite groups.

Let us consider the character table of D5 (Table 1, left)
cited from Ref. 1. Since each character is a class function, the
character table (as a matrix) is a 4 x4 square matrix in accord
with the number of conjugacy classes. The table contains
the values, 2 cos 72° and 2 cos 144°, which come from the
5th primitive root of unity (& = exp (21/5)). According to
the unmaturity of the group D5, each of the irreducible
characters (E; and E5) contains the different values in the
K31 (2Cs) and the K3, (2C2) columns.

By inspection of Table 1 (left), we are able to show that
the summation of the irreducible characters (E; and E») gives
a character that has the same values in the K3; and the Ks,
columns because of 2 cos 72°+2 cos 144° = g+£2+&3+&* =

— 1. Thereby, a character (E; +E5) as a class function is con-
verted into a Q-conjugacy character (E) as a Q-conjugacy-
class (dominant-class) function. Hence, the reduction of
columns as well as that of rows gives Table 1 (right) as a
3% 3 square matrix, which is called a Q-conjugacy character
table. A problem to be solved is whether or not the conver-
sion of Table 1 (left) into Table 1 (right) has sound reasoning.
For such reasoning, we shall clarify the relationship between

1. The maturity of a Q-conjugacy class, which is con-
cerned with the column-reduction of a character table into a
Q-conjugacy character table, and

2. the maturity of a representation (or character), which is
concerned with the row-reduction of a character table into a
Q-conjugacy character table.

Since the first item has already been discussed,” the sec-
ond item is the target of the present paper, where the concept
of inherent automorphism is the foundation of the reasoning
used here.

1.2 Automorphism of Cyclic Groups. Let us consider
a cyclic group H. It is well known that Aut H (the automor-
phism group of H) is an abelian group of order @(|H|) and
Inn H (the inner automorphism group of H) is an identity
group (Theorem A11.3 of Ref. 24). Let / be a generator of
the cyclic group H, i.e., () = H. Then, we obtain the group

Table 1. Character Table (left) and Q-Conjugacy Character
Table (right) for Ds

Ki K; Ks; K C: C Cs

I 5¢, 2GCs 202 A 1 11

A1 1 1 1 A1 -1 1

A 1 —1 1 1 E 4 0 -1
Er 2 0 2cos72° 2cosl44°
E; 2 0 2cosl44® 2cos72°

Inherent Automorphism

H as an ordered set represented by
H={;l17il27"'7ilr7"')7ln(=l)}7 (1)

where n = |H|. When an integer s is selected to be coprime
to n, the element 4#° also generates the group H, which is
regarded as another ordered set, i.e.,

HY = (B, B, (B, () (= D}, )

It should be noted that the sets H and H® are identical with
each other when we take no account of the alignments of
elements. Moreover, they are closely related even when the
alignments of elements are taken into consideration. Since
the elements &’ (r = 1,2,---,n) of H correspond to the elements
() = (B")* of H® in one-to-one fashion, the latter set H®
can be created by permuting the elements of the original set
H (Eq. 1). Hence, the correspondence ~—#° provides the
permutation P represented by

H BoOR R
© _ -
P= (H@) - ((F)‘ P @f)") - @
The transformation of H to H® represented by the permuta-
tion P® keeps the corresponding multiplication table invari-
ant. Obviously, P(!) is the identity permutation. Let P be the
set of permutations P® defined by Eq. 3, where s runs so as

to satisfy (s,n) = 1:
P={P|(s,n)=1}. )

It follows that P is shown to be a group (Appendix A) whose
order is equal to |P| = ¢(n).

1.3 Inherent Automorphism of Finite Groups.  Sup-
pose that G is a finite group and that H represented by Eq. 1 is
a cyclic subgroup of G. Let Hx and Hx' be cosets contained
in a coset decomposition of G by H:

G=H+ - +Hx+ --+Hx +---. )

Consider a product (hex)(Rbx") produced from two elements,
h%xcHx and A°x' €Hx'. Since x and k appearing in the prod-
uct are not always commutative, we place xk = hx or equiv-
alently

h=x""hx, (6)
where hcxHx~!. We easily obtain
B =x""hx, and B° =x"'H’x, @)

where a and b are integers. Thereby, the product is trans-
formed as follows:

Fx)E Y = G0 Hxx = Fhxx . ®)

Let us consider a transformation of the generator / to another
one i, where s is coprime to n (Eq. 2). Then, we obtain the
corresponding cosets, H®)x and H¥x'. It follows that two
elements, A*x€H®x and A’x' cH®x’, give a product,

() (FY ) = B0 B0x =W xx’ = B0 xx'. (9)
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Equations 8 and 9 show that the transformation of G into
itself (in terms of the transformation of Hx into H®x) is a
homomorphism.

The discussion described in the preceding paragraph can
be made more sophisticated as follows. Let N be the nor-
malizer of H within G, i.e., N = Ng(H). Then we have coset
decompositions:

G=Ngl+Ng2+-~Nga, (10)
N=Hn+Ht+---+Hzp. (11)

The representatives of every cosets are collected to give
transversals:

Az{ghgz:""gﬂ} (12)
B={t,t, 1} (13)

Suppose that the cyclic group H represented by Eq. 1 is a
cyclic subgroup of the group G, which is characterized by
Eqs. 10 and 11. Select an element g from the transversal A
(Eq. 12) and an element ¢ from the traversal B (Eq. 13). Then
we have a coset Hzg (CN,).

Hig=1g[g” 't 'Hr)gl =1glg” 'H'g] (14)
where the inner set H' is represented by
H ="M= {t " he, o W, R, (15)

which is equivalent to H without considering the alignment
of elements. Since r~ '/t is also a generator of H, we are able
to put £~ 'ht = ", where the integer r is coprime to n. Then,
the ordered set H' (Eq. 15) is rewritten to be

H = "Hr={®)" 7, ,(H)}. (16)

By virtue of Eq. 14, the ordered set H with the generator 4
(Eq. 1) now corresponds to the ordered set g~ 'H'g with the
generator g~ '’ g.

Let us select another element g from the transversal A
(Eq. 12) and an element 7 from the transversal B (Eq. 13).
Then we have a coset Hig (CNg). For an element h%tgcHtg
and another element #°7cH73, we take account of their
product, i.e.,

(R 1e)h'ig) =1glg ™' K1 Tg =1glg 't 'hugl Wiz (17)

We next consider a transformation of % into k* to produce the
permutation represented by Eq. 3. As a result, the elements
hatg and h’7g are transformed into /*%rg and #**73, the product
of which is represented by

(F1g)(h*18) = tglg™ 't "higl R 73. (18)

The product given by Eq. 17 corresponds to that of Eq. 18,
since we have

g 't 'Hig
(g—1t~1H(S)tg)

g 'Ry gl RPag g ' g
(g”fl(if)ltg gl () g g_lt_‘(if)"tg)
=P, 19)
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where the P has appeared in Eq. 3.

Let us regard the coset Hzg as an ordered set. When we
take account of the permutation P (Eq. 19), we have the
corresponding permutation concerning the coset:

H: h't Rtg - Wt
() _ 4 _ ! 8 ! 4 ! 8
ng - < H(s)tg ) - ( (hs)ltg (h5)2tg (hs)”tg ) 9 (20)

which is the same permutation as P¢ in an abstract fashion
in the light of Eq. 19.

When the elements ¢ and g respectively run over the
transversals of the coset decomposition (Egs. 12 and 13),
it produces an automorphism represented by L. This dis-
cussion is summarized as a definition: ‘

Definition 1. (Inherent Automorphism) Let the sym-
bol LY represent the permutation constructed by using all
of the permutations Lg;) (Eq. 20) where t and g run over the
transversals concerning Egs. 12 and 13. We call the result-
ing permutation L) an inherent automorphism.

Note that the inherent automorphism depends upon the
selection of the transversals A (Eq. 12) and B (Eq. 13). Since
the integer s runs over the integers coprime to n, the set of
all the permutations L® forms a group L,

Inhg(G) =L = {L®|(s,n) = 1} (21)

which is isomorphic to P described in Eq. 4. As a result, we
obtain a theorem:

Theorem 1. (The Inherent Automorphism Group) Let
H be a cyclic subgroup of G. All of the permutations
Ldefined in Def. 1 form a group L of order @(n), where the
integer s runs so as to satisfy (s,n) =1. We call the group
L ‘the inherent automorphism group of G concerning the
cyclic subgroup ] or simply ‘the H-inherent automorphism
group of G’, which is designated by the symbol Inhg(G). The
order of Inhg(G) is @(|H|).

Obviously, the H-inherent automorphism group of G
(Inhg(G)) is_a subgroup of Aut G. Theorem 1 shows that
the automorphism group of a cyclic subgroup H (Aut H) can
be related to the group Inhg(G) by means of Eq. 20, where
the two automorphism groups are isomorphic, i.e. Inhg=Aut
H.

1.4 Inner Automorphisms of a Cyclic Subgroup. Al-
though most of the discussions in this subsection are well-
known, minimal results concerning a cyclic subgroup are
revisited for further discussions.

Let Cn(h) denote the centralizer of €N, where 4 is a
generator of a cyclic subgroup H and N (=Ng(H)) is the
normalizer of H within G. Then, we can regard Cn(h) as
the centralizer of H within N; this is denoted by the symbol
Cn(H). Let us consider a double coset decomposition:

N=Cx(H)t;H+ Cx(H),H +- - - + Cn(H)1,H
=Cn )t + Cn(H)ty + - - - + Cn(H)t, (22)

where the transversal is selected appropriately from B:
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B/={117t27""atq}7 (23)
and g is calculated to be

_ |INc(H)|
|[Cx(HD)|

29

We here select ; from B’ (Eq. 23). Let / be a generator
of H, the order of which is equal to n. The definition of the
normalizer gives f; 'Hr; = H. Hence, the transversal given
by Eq. 23 provides the following relationships:

i =R (25)

fori=1,2---,gq, where the symbol r; denotes an integer co-
prime to n (i.e., (r;,n) = 1). Note that ct; for c€C satisfies

5 e ety = 7 e heyt = 67 he = R (26)

We revisit the normalizer Ng(H) for a cyclic subgroup
H of G. Let 4 be selected from B’, which produces the
corresponding ordered set H'i (see Eq. 25). Thereby, the
correspondence A—t;” Uht; gives a permutation:

L (EN\_( BB R
AW )T\ gy R - R
7! 2o
= T ri T T riNn 27
( COUNCONGO ) @n

fori=1,2,---,q. The transformation of H to £, 'Hy, repre-
sented by the permutation Py, is an automorphism of H.

When £ runs over the transversal B (Eq. 23), the auto-
morphism Py, gives a set P'.

P ={P,|n cB'}. (28)

Since we have tEl(l‘;lﬁta)tﬁ = (tatg) h(t41p) for all
tq,tpEB’, we have :

PtﬁPta =Ptalﬂ'
Asaresult, the set P isa group. Since the order ¢ is obtained
in virtue of Eq. 24, we have a theorem:

Theorem 2. Let P be defined by Eq. 28. Then, we have

P’ = Ng(H)/Ce(H), (29)

the order of which is equal to q (Eq. 24).

This theorem is well-known; see Theorem 3.5 in Chapter
1 of Ref. 25.

‘Moreover, the group P’ (order g) is a subgroup of P (order
@(|H))) that is regarded as Aut H (Eq. 4 and Theorem 7 in
Appendix A). Theorem 2 shows that the maturity discrimi-
nant ¢g* is equal to the order of the group P’.

Since P’ and its supergroup P (Eq. 4 and Theorem 7 in
Appendix A) act on the same cyclic group H as an ordered
set, the orbit governed by P(/{/}) discribed in Theorem 8
(Appendix A) can be further partitioned into ¢(|H|)/q of sub-
orbits if the subgroup P’ is taken into consideration. When
P’ acts on H, or in other words, when #; runs over B/, the

Inherent Automorphism

element ¢, Uht; creates a conjugacy class. Hence, each of the
suborbits is identical with the conjugacy class K;H. Note
that the number @(|H|)/g is equal to the number ¢ of such
conjugacy classes as given by

_ p(H|Co )]

= T NG| G0

This discussion is summarized as a theorem.

Theorem 3. Let H be a cyclic subgroup of G. The dom-
inant class K;H in the normalizer Ng(H) is identical with
the orbit by P described in Theorem 8. Each conjugacy class
K;;NH is identical to the suborbit generated by the action of
P’ of Theorem 2.

Let us consider a conjugacy class generated as a suborbit
(Theorem 3):

{7 htr 1y ity 1y Rty = BB R, (BD)

which produces a permutation:

—17 —17
i tl hty 1, hty

17 'ty )
= - - 32
h <t,.“ Yt 7 Rt (32

7 gty

for ;€B’. Obviously, this permutation is a fraction of the per-
mutation P;; and generates the suborbit concerning the con-
jugacy class. Since we have #;5;€N, we can place #;2; = ct€Ct.
Hence, Eq. 26 gives a lemma:

Lemmal. The permutation Pt}i (Eq. 32) produces every

element of the conjugacy class in a respective column of the
permutations when t; runs over B'.

It should be noted here that the orbit by P is associated
with the set Z* of integers coprime to n (= [H|):

Z, = {s|(s,n) =1}, (33

where we assume s<n for simplicity’s sake.

On the other hand, the suborbits by P’ result in a further
partition of the set of the integers. Let us select a representa-
tive 71,- from the conjugacy class K;NH (j=1,2,--,¢). Then,
we use the set of such representatives:

E={hlji=1,2,---,1}, (34)

where ¢ is given by Eq. 30. Thereby, the subsets derived by
the action P’ are represented as follows:

Z;, = {r|W =t "ht,vt € B'}, (35

for heE, where we have (r,n) = 1 and we assume s<n for
simplicity’s sake. Note that |Z; | = [B’| = . Since the subsets
Zﬁ are disjoint, we have

Z, = Z Z; (36)
heE

Suppose that  and /° are not conjugate so that we have
#cE. From the condition 4" = +~ iz for Eq. 35, we obtain
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77* =+~ 't. Since the assumption indicates that & and it
are not conjugate, we have rs¢ ZE' Hence, we obtain

Zip‘ = {r’lilrl = t_lil:t,vt c Bl}, (37)

where we have r'=rs (mod n). Note that the integer r’ runs
s0 as to correspond to r in one-to-one fashion. This means
that the elements of Zg, (Eq. 37) correspond to those of Zj
(Eq. 35) in one-to-one fashion. Since element 7 runs over E,
the sets of the disjoint union (summation) appearing on the
right-hand side of Eq. 36 can be transformed to each other.
1.5 Inherent Automorphisms and Inner Automor-
phisms. 1.5.1 Selecting Representatives of Cosets. The
symbols H, C, N, and G are used with the same meanings
as above. Let Hx and Hx' be distinct cosets (Hx#Hx') that
are contained in a coset decomposition of G by a cyclic sub-
~ group H, as shown in Eq. 5. For 7N, we consider a similarity
transformation:

FHY = T HDG T YD = D). (38)

Suppose that the coset represented by Eq. 38 (as unordered
sets) is equal to Hx, but that their representatives are not
identical with each other. This means that these cosets satisfy

Hx=7""HX7 (39)
x T XT (40)

for 7EN. Because of Eq. 39, we have 34’ satisfying
x=F'E, 1)

where a is an integer. The coset (Eq. 38) can be written as a
concrete form:

F'AYE = {F T R R T X =), T T (42)

This coset is rearranged so as to place 7 /4% x'7 as a top ele-
ment (or we take account of (7 ~1A%f)(7 ~'HX'7) =7~ hHX'7).
Thereby, we obtain

i--l‘ilaHxl't-v: {i—li‘la+lxlt~’f~li‘la+2xli; . 7iflitaxlf(= X)}
= {F'hix, i W, x}
=Hix. (43)

Hence, we are able to select x (Eq. 41) as a representative in
place of 7~1x'7. The representative (x') of the original coset
HY is now changed into x”/ = 4%’ so as to give Hx' = Hx".
Then we have

Y = X F=x 44)

This means that the element x” is conjugate to x. The discus-
sions described above are summarized to give the following
Lemma:

Lemma 2. LetHx and Hx be distinct cosets (Hx #Hx')
that are contained in a coset decomposition of G by a cyclic
subgroup H. Let N be the normalizer of H within G. The
representative x and x' can be selected to be conjugate with
each other, i.e., x =7 X7, so that we have

Bull. Chem. Soc. Jpn., 71, No. 10 (1998) 2313
FTHY = GTEAGE YD =H (G YH=Hx (45
for FeEN.
Let us next consider a special case of Hx = Hx' described
in the preceding discussion. Thus, suppose that
Hx=7""Hxf (46)
x AT @7
for 7eN. Because of Eq. 46, we have 3h°%x satisfying
x=F""hexF, (48)

where a is an integer. The coset appearing in the right-hand
side of Eq. 46 can be written as a concrete form:

P HxE = {F 'k, £ R, - F T (= ), U xd(= ),

P R xi(= Bx), - - T ki (49)
This coset is rearranged so as to place 7 ~1h%1x7 as a top ele-
ment (or we take account of (7 ~ A7) ~'Hx?) = 7~ h°Hxi).
Thereby, we obtain

PR = {7 R TR
= {7 "hix,F 'R E, -, x}
=H'x. 0

T hi(= )}

Hence, we are able to obtain Hx and H’x with a common
representative x. As a result, Lemma 2 is modified to treat
the other case.

Lemma 3.  Let Hx and 7 "Hxi satisfy Eqs. 46 and 47
for tEN. Then, the elements of the coset 7~ 'Hxi can be per-
muted to give Hlx that has a common representative x with
the coset Hx.

1.5.2 Inner Portion of the Inherent Automorphism
Group. By starting from Eq. 5, we have another coset
decomposition:

G=7"'Hf---+7 "Hxf+---+7 'HX T+
= 'Hi+ -+ THHGE D+ +ETHHE A D+
=sH + +H@F %D+ +HGE XD+, (51)

where we perform a similarity transformation concerning an
element 7 of the normalizer N of H and we use 7 "!G7 = G.
Note that H? (=7 ~'H?) is identical with H as an unordered
set, though we can differentiate them as ordered sets if nec-
essary. If we regard H and H’ as ordered sets, the transfor-
mation from Eq. 5 to Eq. 51 is an inner automorphism.
If we identify H with H’ as unordered sets, Eqs. 5 and 51

provide a permutation represented by

- H .. Hx . Hx ...

Pf:([-[" o HGE %) - HEWD ) 52)
Since Lemma 2 (Eq. 45) indicates

Hy =7 '(Hixi )i =7 "Hfx = Hx, (53)
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we have
- (H Hx Hixi ! )
= 7

H .- HF'xH) -~ Hx 4

An invariant coset on the action of the permutation P is con-
trolled by Lemma 3. When 7 runs over N, the permutations
of 54 construct a set represented by

P={Plfe N}, (55)

where the mapping P—N is a homomorphism.

Assume that x = 7 ~x7 (Vx€G). Then the 7 is contained in
the center Z(G) of G. The 7 keeps all of the cosets in Eq. 52
invariant; in other words, the resulting permutation Pi is
equal to an identity. Hence, the kernel of the homomorphism
P—N is the center Z(G), giving an isomorphism:

P=N/Z(G). (56)

An inner automorphism P! is obtained from Eq. 54 by taking
explicit account of the elements of H and those of H!. By
paying simple attention to the coset H, such P! can be written
to be

___i_ ...; hxl ;lle ...; ...
F= ( s CRED EREAD ) oD

When 7 runs over the normalizer N, the inner automorphisms
P! constructs an inner autophorphism group. )

Let us now examine the cosetH’x’ appearing in P’
(Eq. 57). Lemma 2 gives a permutation concerning the ele-
ments of Hx'":

() () G ) - () ()

where x’ runs to construct the inner automorphism. Lemma
3 gives a similar result. The second permutation in the last
side of Eq. 58 corresponds to P; described in Eq. 52.

On the other hand, the first permutation in the last side of
Eq. 58 is written in a concrete form to give

; Hx' T S & H

Fo_ - - . . - ~ -
Lo = (H’x’) (f“ht' R f“h”f) (H’) 59
the last of which is the same as P;; of Eq. 27, where we place
f=t;. When x’ runs to cover all of the cosets, we obtain

e H --- H ---
“\H ... HY -

R s R RY
TNFRE PR o o FUREY PR - - )
(60)

In the light of Eq. 60, the correspondence h—t 1kt pro-
vides a permutation L! by starting from the relationship de-
scribed in Eq. 59 in a similar way to that described in Def.
1.

The above discussion shows that the L is an automorphism
of G.

L' ={L/|fe N}, (61)

Inherent Automorphism

Theorem 2 along with Eq. 59 shows that
L'=P =N/C. (62)

Moreover, by virtue of Eq. 27, the automorphism Ll de-
rived from the correspondence i—7 ~'Af is involved in the
H-inherent automorphism group of G. We define ‘the inner
portion of the inherent automorphism group’ as follows:

Definition 2. (Inner Portion of the Inherent Automor-
phism Group) By using the transversal B’ (Eq. 23), we
have the set of all permutations L} represented by

Poru(G)=L'={L/|feB'}, (63)

which is a group isomorphic to P’ (Eq. 63). Obviously, the
group L (order q) is a subgroup of Inhg(G) (order p({H))).
We call the group Lthe ‘inner portion of the inherent auto-
morphism group’ of G, which is designated by the symbol
Porg(G).

It is worthwhile to mention the relationship between L®
(Def. 1) and Lf (Def. 2). Thus, the concrete form of L® can
be written as follows:

(s) H Hx’

L7= H(-V) H(s)xl
(R R o R
= ils il2s ey el Esxl ;lz.yxl ey

(64)

By comparing this with Eq. 60, these two permutations can
be identified if the elements % and A* satisfy 7~ hf = h°.

2 Maturity of Irreducible Representations

2.1 Inherent Set of Irreducible Characters.  Let Hx
be a coset of a group G by a cyclic subgroup H, where
the representative x is selected to satisfy Eq. 5. Select an
irreducible character 8(h%x) as a standard, each element of
which is a trace of an irreducible representation O (i*x) for
hxeHx (a=1,2,--,n).

The correspondence 2—h°* gives another character:

897 )'x) = 6(h*x), (65)

where the integer s is coprime to n, i.e. (s,n) = 1. Since the
correspondence ~A—/° generates an inherent automorphism
of G, the resulting representation (Eq. 65) is concluded to be
an irreducible character (IC). When the integer a s runs so as
to satisfy (s,n) = 1, it gives the set of irreducible characters
(ICs) 0%, which is called the inherent set of ICs concerning
H:

0 ={0%(s,m=1}={6)sc Z}} (66)

Although the inherent set of ICs involves @(|H|) of char-
acters at most, it may be integrated into one IC to give an-
other extreme case, which is regarded as a matured one. It
should be noted that the former case having @(|H|) of ICs
corresponds to a fully unmatured case concerning the cyclic
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subgroup H. Obviously, a case in which G = H is such an ex-
treme case, where the inherent set of ICs is identical with the
set of primitive irreducible characters described elsewhere.”
The character 8 (Eq. 65) is related to the permutation
L® (Eq. 64). Thus, the right-hand side of Eq. 65 is concerned
with the starting set of elements in L®, while the left-hand
side of Eq. 65 is concerned with the resulting set of elements
in L. In order to compare the character 8 with the origi-
nal one 6, the elements for 8 should be rearranged to the
original alignment. This rearrangement can be replaced by
another rearrangement based on P! (Eq. 64), since the result-
ing alignment in each coset of L is the same as that in the
corresponding coset of P!, if we have 7* =7~ 'hi. It follows
that
OV W ) = 09((B) x) = 0(h), (67)

fora=1,2,---n. This situation of rearrangements is illustrated
as follows:

()

H®x% .
1L® (see Eq. 64)
Hx ... Hixg !
0 (Z”x) 0 (E“fxf_l)
Iz (see Eqs. 57 and 54) | P
H7 'xf e Hx

¢ (7 'hxf) 09 (i'h°ix)

The position of H'x in the resulting alignment depends on
Fthrough the starting Hixi~!. However, we are able to collect
O9F hTx) (= 0(h%x) as shown in Eq. 67) corresponding
to H'x, where 7 runs over B’ (x is tentatively fixed).

The total result of rearrangements given by Eq. 67 means
that the rearrangement within the coset Hx is replaced by
the rearrangement between the cosets of G. Thereby, the
character by Eq. 67 is given by the inderect method via L)
and P!. On the other hand, such a character can be given
more directly if we use L! (Eq. 60), where we are able to
limit our discussion within the coset Hx. This shall be done
in the following paragraphs.

Let us here consider the correspondence 7—7 ~ 47 (where
heE) to create another type of representations:

6 ((F'0°7) x) = 67 (W)*x) = 6 (W) (68)

fora=1,2,---,n, where 7 runs over the normalizer Ng(H) or
equivalently over the transversal B’ (Eq. 23). Since 7~ !/h#

is an element of H, we put 7 ~'4f = i", where the integers

r satisfy (r,n) = 1. Since the correspondence A—7 ~1 A7 (i.e.
fz—>ft’) generates an inherent automorphism of G, the result-
ing representation (Eq. 66) is concluded to be an irreducible
character (IC). When 7 runs over B/, the integer r runs over
Zﬁ (Eq. 35). Hence, we obtain the set of such ICs,

0, ={0"r e 7;}, (69)

forheE (Eq. 34). These ICs are involved in the inherent set
of ICs @ (Eq. 66).
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Let us consider an element r~'/xt conjugate to /x € Hx,
where £ is selected from E (Eq. 34). Since we have

thxt = (7 (e xr) € H(e 'xr), (70)
the correspondence A—7 ~ 17 gives
G RDAGC ) =1 F R, (71)

which is conjugated to the element (7~ hf)x derived from fx.
This means that the correspondence 2—7 ~'Af (and equiva-
lently Porg(G)) keeps the conjugacy relationship invariant.
Hence, the correspondence gives the same IC as the original
one (Eq. 66). When the element 7 runs so that the correspond-
ing integer r is involved in Z; (the element h is tentatively
fixed), the resulting characters 8 (€ ©)) are equal to each
other.

Lemma 4. The set @é (Eq. 69) consists of one irre-

ducible character (multiplicity = q), when h is fixed.

Let us again consider the element r~'Axt conjugate to
hx € Hx, as shown in Eq. 70. Then, an element A°x € HOx
satisfies

flifxt =N ) = ¢ R ¢ k) € B 5 72)

for an integer s satisfying (s,n) = 1. Note that hx and 7*x are
not always conjugate to each other. Equation 72 shows that
the correspondence 7—hA* keeps the conjugacy relationship
invariant. This is summarized to give a lemma.

Lemma 5.  An inherent automorphism (Def. 1) keeps
conjugacy relationships invariant.

Let us now consider the restriction of G into its cyclic sub-
group H. Then, the character 8 of @é (Eq. 69) is restricted
to be

@) =0 =D m, I (73)

ri€ZLy

by means of ICs I;r, of H, where h (€E) given by Eq. 34
is tentatively fixed. Note that the symbol [}, is used for
designating a representation and its character, since the I;r,
is a representation of one degree. Because the restricted IC
(0 g is invariant for any t€B’, or equivalently for any
ri€Zj, all of the multiplicities m,, are equal to each other,
i.e. my, =m. As aresult, Eq. 73 can be rewritten as

O u=m>" I (74)
i€,

This result means that an appropriate similarity transforma-
tion gives a representation @ consisting of diagonal ma-
trices for its H part:

(,a(r)(ila)z[a)ar[’a)aq’.__7a)arz7a)ar27.‘_’a)urq7a)arq’.“]7 (75)

fora=1,2,---,n, where only the diagonal elements are shown
for simplicity’s sake and all of the off-diagonal elements are
equal to zero. The symbol w designates a primitive nth root
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of 1 and the integers ry,r,, -~ are the elements of Z;. The
corresponding character is the sum of the diagonal elements
of Eq. 75, i.e.,

6" (i =0+ 0" 4+ 0+ 0 4+ 0T+ 0T -
m m ;’7
oy
=m(o” + 0™ "+ + 0. (76)

In the light of Lemma 4, we assume a matrix for 60 )
0(")(x) = [x17x27 Tty X X2y, X, X, ']7 (77)

where only diagonal elements are shown and off-diagonal
elements may be non-zero. Since the representation for the
element h%x is 0V (7%x) = 0 (A*) 8 (x), the corresponding
character is calculated as follows:

0 (i'x) = i+ 1+ + ) (@7 + 072 4+ 09), (78)

where we take into consideration the fact that each 6 (h?)
is a diagonal matrix. In summary, the character 87 (Egs. 76
and 78) is invariant if  runs over Z ;, since r for 8 is either
element of Z;= {ri,ra,,rg}.

When & runs over E, Eq. 74 creates 1 (= g(n) /q) of ICs
(cf. Lemma 4). These ICs are interconvertible in a similar
way to that described for Eq. 37. It should be noted that
the coeficient m is common even when % runs over E. The
summation of ICs (Eq. 74) gives

Oa=>_(6")n

h€eE
S(ng ) sy
REE ri€Z;, REEi€Z;
=m S T = mi. (79)
r,-EZ:

The last side has been given in Theorem 1 of the preceding
paper. Thatis to say, the values of ¥,, are equal if the corre-
sponding elements are contained in the same dominant class.
Hence, we have a lemma.

Lemma 6. The terms corresponding to b in Eq. 79 are
equal to each other, where we have (s,n) = 1.

If the sum (x;+x+---+x,,) is a rational number, the sum
36 is concluded to be a rational character, as shown in
Eq.79. If the sum (x;+xy+- - -+x,,,) is not arational number, the
process described in the preceding sections can be repeated
to give a rational character. Hence, Lemma 6 describes a
special case of Lemma 39.4 of Ref. 26.

2.2 Q-Conjugacy Character Tables. A resultequivalent
to Eq. 79 can be obtained by using Eq. 76.

O(rH=>" 67"
heE
=m» (0" + 0™+ + 0")
heE
=m>» o (80)

RELY

Inherent Automorphism

which is the same value as described in Eq. 79. Suppose that
(a,n) = 1. Then, Eq. 80 gives a more direct proof of Lemma
6.

Since Eq. 80 is not directly concerned with the restriction
of G into its cyclic subgroup H, the sums of irreducible
characters for other parts of G can be obtained by using
Eq. 78.

Orn=>"0"Hx%)

h€EE
= +x e+ xn) Y (0T + 0 4+ 0™
heE
=@ tx et xn) Y 0 (81)
SELY

The reducible character & produced by Egs. 80 and 81 is
called a Q-conjugacy character in the present series of pa-
pers. This is obviously the non-redundant sum of the inherent
set of irreducible characters (Eq. 66). The Q-conjugacy char-
acter corresponds to a reducible representation 8, which is
called a Q-conjugacy representation.

The reducible character (Eqs. 80 and 81) contains ¢ (=

@(n)/q) of ICs, since ¢ is equal to |E|, which represents the
number of conjugacy classes in a dominant class. On the
other hand, Lemma 6 shows that ¢ of conjugacy classes has
the same value as calculated in Eq. 79. In other words, Q-
conjugacy characters along with markaracters are dominant-
class functions, whereas the usual characters are class func-
tions. Hence, the character table of G can be converted into a
concise form in which # of the rows are summarized into one
row (Egs. 80 and 81) and 7 of the columns are summarized
into one column (Lemma 6). Such a concise table is called a
Q-conjugacy character table in the present series of papers.
Suppose that a set of Q-conjugacy characters (i=1,2,---,5)
is represented by

6= (Onba--- 0y, 82)

where s is the number of dominant classes. Then, the cor-
responding Q-conjugacy character table is represented by

Oy Bp - By
&1 Bn - O

p=| 7 (®3)
931 932 A 9m

Since each dominant class corresponds to a cyclic subgroup

in one-to-one fashion, the following theorem is obtained
easily.

Theorem 4. The dimension of a Q-conjugacy character
table is equal to that of the corresponding markaracter table
described in Ref. 21. Thus, They are s X s matrices, where s is
the number of dominant classes or equivalently the number
of non-conjugate cyclic subgroups.

Q-Conjugacy character tables prepared for every finite
group are convenient for combinatorial enumeration of iso-
mers. Such tables for several unmatured finite groups are
collected in Appendix B. Note again that, for matured finite
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groups, Q-Conjugacy character tables are equivalent to char-
acter tables, since Q-conjugacy coincides with conjugacy in
these cases.

2.3 Matured Representations and Matured Charac-
ters.  In the discussion described above, a Q-conjugacy
character is defined as a dominant-class function composed
of an inherent set of ICs. Each of the ICs is inevitably asso-
ciated with an irreducible representation. Hence, the Q-con-
jugacy character corresponds to a reducible representation
made by the combination of the irreducible representations.
The reducible representation is here called a Q-conjugacy
representation.

Let §; (i = 1,2,---,5) be the set of Q-conjugacy representa-
tions and &, (i=1,2,---,s) the corresponding set Q-conjugacy
characters, where s is equal to the number of non-conjugate
subgroups of G.

Definition 3. (Matured Representations) A matured
representation ¥ is defined as a representation that is com-
posed of a set of Q-conjugacy representations. This is sym-
bolically represented as follows.

v=3 a6, (84)
i=1
where each o is a rational integer.

Note that the right-hand side of Eq. 84 represents a matrix
in which ¢; of 8, are placed as diagonal elements. A ma-
tured representation may be an irreducible representation or
a reducible representation; the former case can occur if a Q-
conjugacy character table is identical with the corresponding
character table.

Each Q-conjugacy representation 6} affords a Q-conjugacy
character 9, Hence, the matured representation of Def. 3
affords a rational character 1/ that is a linear combination of
the Q-conjugacy characters &, (i=1,2,---,5).

y=>ab, ®5)
i=1

where each ¢; is a rational integer. The character 3 is
called a matured character. When a matured character is
represented by row vector ¢ = (1), Eqs. 82 and 85 indicate
that the coefficients of Eq. 85 are easily obtained by solving
linear equations,

Y= ab; (=12, (86)
i=1 _

These equations are summarized into a theorem by using
matrix expressions.

Theorem 5. When the coefficients o; for a matured
representation (Eq. 85) are collected to form a row vector,

A=(aiaz-- ) 87

the linear equations (Eq. 86) can be written as a matrix
expression,

% =AD, (88)

Bull. Chem. Soc. Jpn., 71, No. 10 (1998) 2317

or equivalently
A=yD™ (89)

where the symbol v denotes a row vector y = (Y;) and the
symbol D is a Q-conjugacy character table (Egq. 83).

It is worthwhile to mention the relationship among three
related concepts, i.e., markaracters, matured characters, and
rational characters. Note that markaracters and matured char-
acters are dominant-class (or Q-conjugacy-class) functions,
while rational characters are class functions.

Let us first examine the relationship between
markaracters?” and rational characters, the latter of which
are controled by Artin’s theorem.?® Artin’s theorem indi-
cates that any rational character ¢ is represented by

¢= ZIGI ", (90)

where all g; are rational integers and ¢ is the induced char-
acter derived from ¢; (the 1-character of a cyclic subgroup
G;). On the other hand, any markaracter is represented by

X =3 a4G(/G), o)

as shown in Eq. 7 of Ref. 21. Since ¢ in Eq. 90 (based on a
linear representation) can be regarded as being equivalent to
G(/G;) (based on a permutation representation), Eq. 91 (or
equivalently Theorem 1 of Ref. 21) is considered to be a spe-
cial case of Artin’s theorem (Eq. 90). However, it should be
noted that markaracters are dominant-class functions, while
characters are class functions.

Let us next examine the relationship between matured
characters and rational characters. Compare Eq. 85 with
Eq. 90. The coefficients ¢; in Eq. 85 (for a matured char-
acter) are rational integers, while the coefficients a;/|G| in
Eqg. 90 (for a rational character) are rational numbers. In
the present situation, matured characters are contained in
rational characters. However, there naturally emerges a con-
jecture that matured characters (dominant-class functions)
are eqivalent to rational characters (class functions).

3 Combinatorial Enumeration

3.1 Characteristic Monomials. A Q-conjugacy repre-
sentation B;(i = 1,2,---,s) is subduced into a cyclic subgroup
G; to give a linear combination of the Q-conjugacy repre-
sentations I“ko) (k=1,2,---,v;) for G; represented by

0:1Gj =3 fuly 92)
k=1
fori=1,2,---,s and j=1,2,---,5. The coefficients Sy are

obtained by solvmg hnear equatlons concerning the corre-
sponding Q-conjugacy characters yk Thus, we have

ai®=zym¥, ©3)

where the symbol GLG denotes a row vector that contains
the elements for G; selected from the 0, row in the Q-conju-
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gacy character table of G. Once the characteristic monomials
for the subgroup G; are obtained to be Z(/} 0. 52, these yield
the characteristic monomial for ,]G;:

2801 Gyiso) =[] (200:50) ™ ©4)
k=1

fori=1,2,---;s and j=1,2,---,s5, where the powers B are
given in Eq. 93. As a result, we are able to collect these
monomials, giving the characteristic monomial table of G as
an sXs matrix.

Example 1.  In the first step of this example, we shall
obtain the characteristic monomial table of cyclic groups.
Let us examine a cyclic group C, in which p is a prime
number. We start from its markaracter table (Table 2, left)
and dominant USCI table (Table 2, right) as well as its Q-
conjugacy character table (Table 3, left). By comparison
between Table 2 (left) and Table 3 (left), we easily obtain

Cp(/CI) =A+B
C,(/Cp) =4,

which give

A=C,(/Cp)
B=C,(/C1) — Cp(/Cp).

Thereby we obtain s, for A and sl_lsp for B by using the data
of the dominant USCI table for C, (Table 2, right). These
monomials are collected to give the characteristic monomial
table for C, (Table 3, right).

In the 2nd step, we will obtain the characteristic monomial
table of finite groups. Let us consider the group Ds. The
subduction Ds|C, is accomplished by selecting the corre-
sponding columns from Table 1. The resulting 3 X2 matrix
is multiplied by the inverse of the Q-conjugacy character
table of C; to give

Table 2. Markaracter Table (left) Dominant USCI Table
(right) for C, Where p is a Prime Number

c, G G C, ¢ G
C,(UC) p O C,UCH & s
CUC,) 1 1 C(C) s s
1 —1

A; ;5

Table 3. Q-Conjugacy Character Table (left) and Character-
istic Monomial Table (right) for C, Where p Is a Prime

Number
C, C C, C, (o3} C,
A 1 1 A S1 S1

Inherent Automorphism

FAODED

The resulting matrix means that

D= =
N =

A1 ] Cr=A,
Ay | G =B,
E|Cy=2A+2B.

These results give the following characteristic monomials:

Z(A1 | Cy380) =51,
Z(A1 | Cossq) =57 's2,
Z(E | Ca350)=(51)"(s7 's2)* = 53,

where we use the characteristic monomials of C; collected
in the rightmost column of Table 3 (right) where p = 2.
Similarly, the subduction Ds|Cs is accomplished by se-
lecting the corresponding columns from Table 1, which is
multiplied by the inverse of the Q-conjugacy character table

of Cs:
11y, 10
(1 1)(3 ﬂ):(l 0) (96)
4 -1/ s 75 0 1

The matrix in the right-hand side means that

A1 | Cs=A,
Ay | Cs=A,
E|Cs=E

The Q-conjugacy representations in each equation give the
following characteristic monomials:

Z(A; | Cs;54) =51,
Z(A2 | Cs;sq) =51,
Z(E | Cs;sa)=s7 'ss,

where we use the characteristic monomials of Cs collected
in the rightmost column of Table 3 (right) where p =5.

The characteristic monomials described above are col-
lected to give the characteristic monomial table for Ds
(Table 4).

3.2 Applications of Characteristic Monomials.  Such
characteristic monomial tables defined in the preceding sub-
section are effective to solve combinatorial enumeration of
isomers. We now consider isomer enumeration based on a
skeleton belonging to the G group. Suppose that a set of
n positions of the skeleton of symmetry G is governed by
a permutation representation P, which is associated with a

Table 4. Characteristic Monomial Table for Ds

C; (073 Cs

A] S1 51 S1

Ay S1 sl_lsz St
E st 53 sflss

1 1 2

N; 10 3 5




S. Fujita

matured representation ¥'. These positions are occupied by
n of the ligands selected from a ligand set:

Y={Y1,Y, -,y }. 7

The resulting isomer contains v, of ligands ¥, (¢ =1,2,---,|Y))
satisfying a partition:

V] : vi+vat---+vy =n, 98)

This partition corresponds to the weight (molecular formula)

represented by
Y|

w, =[] v 99)
=1

The matured representation ¥ corresponding to P is re-
duced into a set of Q-conjugacy representations (Eq. 84).
The multiplicities (¢;) are obtained by means of Theorem
5 by placing 1y = FPVp (the number of fixed points of the
skeleton).

By using the multiplicities appearing in Eq. 84 along with
characteristic monomials Z(gilGj_;Sd) for G (Eq. 94), we can
define a subduced cycle index (SCI):

SCIP | Gyisa) =[] (281 1 Gs)) ™. (100)

i=1
By starting from Eq. 100, we have the definition of a cycle
index (CI): '

CI(P;sa)=> N;SCI(P | Gj;sq)

i=1

=> NI (Z(@,- l Gj;sd))a'.
=1 =l
where the coefficient N; is equal to @(|G;]))/|Ng(Gy)| (=
|K;|/|G]). The CI (Eq. 101) is applied to combinatorial
enumeration, as shown in the following theorem.
Theorem 6. A generating function for the total number
A, of isomers having the weight W, (Eq. 99) is represented
by

(101)

D_AW, = CI(P;sa), (102)

vl

where
|Y|

Sd=ZY;l.

This theorem gives enumeration results equivalent to Pélya’s
theorem or the USCI approach, though the definition of the
cycle index (CI) is different from that of P6lya’s theorem or
from that of the USCI approach.

Example 2. Let us consider planar cyclopentane (1)
as a skeleton (Chart 1), where some of the 10 hydrogens
are replaced by halogen atoms (Y). For simplicity’s sake,

(103)
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we adopt Ds in place of the full symmetry (Ds;) of the cy-
clopentane. This treatment means that each of enantiomers
is counted distinctly. Suppose that the 10 hydrogens are
governed by a permutation representation (P) on the action
of Ds. Then, the corresponding fixed-point vector (FPVp)
is calculated to be (10,0,0). The FPV is multiplied by the
inverse of the Q-conjugacy character table of Ds (Table 1,
right) to give

1l 1 1

10 10 5

(10, 0, 0) (% -1 0 ) =(1,1,2) (104)
2 2
5 5

1

5

This means that the P is reduced into a linear combination of
Q-conjugacy representations as follows:

P=A+A;+2E (105)

Hence, the SCIs for this case are calculated from the data of
the characteristic monomial table of D5 (Table 4) in the light
of Eq. 100:

SCI(P | Cy350)=(s1)(s1)(s1)’ = 51"
SCI(P | Cy;50)= (sl)(sl_lsz)(sg)z = sg
SCI(P | Cs3s50) = (s1)(s1)(s7 's5)" = 55

According to Eq. 101, these SClIs are collected to give a CI:

1 1 2
f=Cl(P;s5) = ES%O + ES; + gsg,
where the coefficients are adopted from the bottom row of

Table 4. The figure-inventory,

(106)

sa=1+y", (107)
is introduced into the CI to give a generating function:
1 o, 1 25, 2 5.2
=— —( z
=10+ + 54y ) +5(1+y)
=1+(+Y)+707 +) +120° +3) +260* +y°) +26y°  (108)

The coefficient of the term y* represents the number of iso-
mers with k of halogens. For illustrating the result, Fig. 1
depicts 7 disubstituted isomers, which correspond to the term
7y2. Note that Fig. 1 contains two enantiomers of frans-1,2-
disubstituted cyclopentane (in the 2nd row) as well as those
of trans-1,3-disubstituted cyclopentane (in the bottom row),
since Ds is used in place of Ds;,.

4 Conclusion

We have proposed the following concepts for the purpose
of clarifying the relationship between character tables and
mark tables for finite groups:

1. the maturity of an irreducible representation,

2. the inherent automorphism of a finite group,

3. the inner portion of the inherent automorphism,

4. the inherent set of irreducible characters,

5. Q-conjugacy representations and characters,

6. Q-conjugacy character tables, and

7. matured representations and characters.

Thereby, a character table for a finite group is shown to be
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Fig. 1. Seven disubstituted isomers derived from 1.

transformed into a more concise form (Q-conjugacy charac-
ter table). Moreover, the latter yields a characteristic mono-
mial table for a finite group, which is effective for combina-
torial enumeration of isomers.

Appendix A. Automorphism of Cyclic Groups

This appendix is devoted to show that automorphisms of a cyclic
group construct an automorphism group. The product of two per-
mutations represented by P and P (Eq. 4) satisfies

ope_ ((H H HY\ (' H
PYPY = (H(’)) (H(S)) = (H(xs) H®
H .
N (H“”) =P

Hence, the P is concluded to be a group, which can be regarded as
Aut H for the cyclic group H. The process shown in Eq. 109 im-
plies that each permutation P corresponds to s, which constructs
a group Z; when s is coprime to n. The group Z;' is a group of
irreducible residue classes (mod n). Note that |Z}| = ¢(n), where
n=|H|. Hence, we arrive at a theorem.

(109)

Theorem 7.  Let P be the automorphic group for the cyclic
group H of order n. Then we have

Inherent Automorphism

P=Z, (110)

Let us consider the inverse elements of H (Eq. 1). The resulting
ordered set is designated to be

H("l)z{E‘l,fz—z,n-,ﬁ_',---,fz_" ) (111)
The correspondence k! provides a permutation:
- H A ST
PO (o) = (it e ) a1

Since we have (PU )2 = I, the set,

P={PY=0n,P"}, (113)

is a group of order 2, which is a subgroup of Aut H. This is sum-
marized as a corollary:

Corollary 1. The automorphism group (Aut H) of a cyclic
group H contains a subgroup of order 2.

Aut H of a cyclic group H provides a partition of the elements of
H. The resulting orbits relate to the primitive roots of 1.

The behavior of the elements of a cyclic group is governed by
the following theorem.

Theorem 8.  Let us remember that the automorphism group

Aut H is regarded as a permutation group P acting on a cyclic
group H, which is regarded as an ordered set (Eq. 1). Thereby, the
set H is partitioned into orbits, which correspond to the respective
dominant classes of H.
For the dominant classes of a cyclic group, see the preceding
paper.”® Each dominant class of H corresponds to a distinct cyclic
subgroup, which is in turn characterized by an n;-th root of 1 through
the generator of the subgroup, where n; represents a divisor of
n( = |H]). In particular, the dominant class that consists of the gen-
erators of the group H corresponds to the n-th roots of 1. This fact
is another expression of Theorem 7. Moreover, the dominant class
is characterized by the coset representation P(/{I}), the degree of
which is equal to |P| (= @(|H|)). It should be added that the latter
dominant class is identical with K;NH if H is a cyclic subgroup of
the group G.

In virtue of Theorem 8, we can independently discuss the dom-
inant class that consists of the generators of the group H. In the
following discussions, we pay special attention to such a dominant
class, even when we deal with H.

Appendix B

‘We show the sets of Q-conjugacy character table and a markar-
acter table for several point groups (Tables 5, 6, 7, and 8).

Table 5. Q-Conjugacy Character Table (left) and Markaracter Table (right) for Cyj,

¢ ¢ ¢ ¢ ¢ G

A, 1 1 1 1 1 1
B, 1 1 1 1 -1 -1
E, 2 -2 -2 2 0 0
A 1 1 -1 -1 1 -1
B, 1 1 -1 -1 -1 1
E. 2 -2 2 -2 0 0

Cl C2 Cs Ci C4 C4
Cu(/C)) 8 0 0O 0 0 0
Cu(/Cy) 4 4 o o0 o 0
Cu(/Cs) 4 0 4 0 0 0
Cu(/C) 4 0 0O 4 0 0
Cu(/Cs) 2 2 0o 0 2 0
Cun(/Cs) 2 2 0O 0 O 2
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Table 6. Q-Conjugacy Character Table (left) and Markaracter Table (right) for Cg,

Ct G C C G C Cyu Gy C G G G G G Gy Cy
A, 1 1 1 1 1 1 1 1 Ce(/C;) 12 0O O 0 0O O 0 O
B, 1 -1 -1 1 1 -1 -1 1 Cen(/C2) 6 6 0 0 0 0 O
E, 2 -2 -2 2 -1 1 1 -1 Ca(/C) 6 0 6 0 0 0 0 O
Ep 2 2 2 2 -1 -1 -1 -1 Ca(/C) 6 0 0 6 0 0 0 O
A4 1 1 -1 -1 1 1 -1 -1 Can(/C5) 4 0 0 0 4 0 0 O
B, 1 -1 1-1 1 -1 1 -1 Cen(/Cs) 2 2 0 0 2 2 0 O
E, 2 -2 2 -2-1 1 -1 1 Cen(/Cs) 2 0 2 0 2 0 2 O
E, 2 2 -2 -2 -1 -1 1 1 Cen(/C3) 2 0 0 2 2 0 0 2
Table 7. Q-Conjugacy Character Table (left) and Markaracter Table (right) for D,y
C; C C C Ci S C C C C C; S
Ay 1 1 1 1 1 1 Cyu(/Cy) 16 0 0 0 0o 0
B, 1 1 -1 -1 1 1 C4(/IC2) 8 8 0 0 0 o0
B, 1 1 1 -1 1 -1 C14(/CS) 8 0 2 0 0 0
B 1 1 -1 1 1 -1 Cua(/Cs) 8 0 0 2 0 0
E; 2 2 0 0 -2 0 Caa(/Cs) 4 4 0 0 4 0
E+E; 4 -4 0 0 0 0 Cua(/Sy) 2 2 0 0 2 2
Table 8. Q-Conjugacy Character Table (left) and Markaracter Table (right) for T,
¢ G ¢ G G G C G C C G G
A, 1 1 1 1 1 1 T.(/C:) 24 O 0 0 0 0
Ay 1 1 -1 -1 1 -1 T,(/C,) 12 4 0 0 0 0
E, 2 2 2 2 -1 -1 TW(/Cs) 12 0 4 0o 0 0
E, 2 2 -2 -2 -1 1 T.(/C:) 12 0 0 12 0 0
T, 3 -1 -1 3 0 0 Tw(/C3) 8§ O 0 0 2 0
T, 3 -1 1 -3 0 0 T, (/Cs) 4 0 0 4 1 1
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